Taylor & Francis
Taylor & Francis Group

Stochastics

Communications in Statistics - Simulation and
Computation

ISSN: 1045-1129 (Print) (Online) Journal homepage: www.tandfonline.com/journals/gssr19

Minimality and reductibility of conditionally
poisson systems with finite state space

Peter Spreij

To cite this article: Peter Spreij (1990) Minimality and reductibility of conditionally poisson
systems with finite state space, Communications in Statistics - Simulation and Computation,
31:1-4, 55-77, DOI: 10.1080/03610919008833648

To link to this article: https://doi.org/10.1080/03610919008833648

ﬁ Published online: 02 Nov 2010.

N\
[:J/ Submit your article to this journal &

||I| Article views: 9

A
& View related articles &'

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=gssr20


https://www.tandfonline.com/journals/gssr19?src=pdf
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/03610919008833648
https://doi.org/10.1080/03610919008833648
https://www.tandfonline.com/action/authorSubmission?journalCode=gssr20&show=instructions&src=pdf
https://www.tandfonline.com/action/authorSubmission?journalCode=gssr20&show=instructions&src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/03610919008833648?src=pdf
https://www.tandfonline.com/doi/mlt/10.1080/03610919008833648?src=pdf
https://www.tandfonline.com/action/journalInformation?journalCode=gssr20

Stochastics and Stochastics Reports, Vol. 31, pp. 55-77 © 1990 Gordon and Breach, Science Publishers, Inc.
Reprints available directly from the publisher Printed in the United Kingdom
Photocopying permitted by license only

MINIMALITY AND REDUCIBILITY OF
CONDITIONALLY POISSON SYSTEMS WITH
FINITE STATE SPACE

PETER SPREI)

Department of Econometrics, Free University, P.O. Box 7161,
1007 MC Amsterdam, The Netherlands

(Received 15 August 1989; in final form 16 November 1989)

In this paper we consider stochastic systems with finite state space and counting process output. In
particular we address the question whether a given system has a minimal representation, where roughly
speaking minimality means minimality of the size of the state space. We show that minimality is
connected to a suitably defined notion of observability. Finally we present an algorithm that enables us,
starting from a given representation, to construct a minimal representation for the same system.

KEY WORDS: Stochastic system, counting process system, reducibility, minimality, observability.

INTRODUCTION

In this paper we treat some problems for counting process systems with a finite
state space. The main problem we address is the characterization of minimality of
a system, which means minimality of the state space. The reason why this topic is
important lies partly in identification problems for such systems in the situation
where the state process cannot directly be observed. It is known for instance in
deterministic linear system theory that a state space, which is too large for
explaining the behaviour of the output process, contains unobservable compo-
nents. This implies among other things that if one wants to perform output-based
parameter estimation one will not be able to identify the true parameter values
that govern the behaviour of the state process in an unobservable part of the state
space. For counting process systems to be treated in the next section a similar
reasoning holds. If for instance one wants to identify transition rates of the state
process (which turns out to be a Markov process) and if two different states yield
the same behaviour of the observed counting process, then one is clearly not able
to distinguish whether the state process assumes one of these two values, let alone
that one is able to draw reliable conclusions about rates that govern a transition
from one of these states to the other one. The lesson of these considerations, as is
well known, is that one should always work with minimal representation of a
stochastic system.

1. COUNTING PROCESS SYSTEMS

Counting process systems form a subclass of what is known as stochastic systems,

55




56 P. SPREILJ

Roughly speaking a stochastic system without input consists of two stochastic
processes X and Z where X is called the state process and Z the output process.
As in deterministic system theory the state process at time ¢ should summarize all
the relevant information about the past of the system in order to describe the
future output. Contrary to what can be done in deterministic system theory the
state process at time ¢ cannot exactly predict the values of Z, for s=1. It can only
describe the probabilistic behaviour of the output process. These notions are made
precise in Definition 1.1 that in abstract terms describes what a stochastic system
without inputs is. This definition is followed by a more detailed treatment of
stochastic systems where the output process is a counting process. First we have to
introduce some notation. Let a complete probability space (Q, %, P) be given
together with a filtration F. Let X and Z be F-adapted stochastic processes. Then
FY=0{X, st} and FZ=0{Z,s<t} are the o-algebras generated by the past of
the processes X and Z. Similarly #¥* =0¢{X,,s=t} contains the information of
the future of X after . We also use the c-algebra that describes the future
increments of the output process Z, F2* =¢{Z,—Z,, s=t}.

If #,, #, and ¥ are sigma algebras contained in &, then we say that #, and
F, are conditionally independent given ¥, if for all integrable #,-measurable
functions X, the following relation holds

E[X,|#,v 91=E[X,|%].

We will use the notation (#,, #,|9)e CL.

DeriNiTioN 1.1 (van Schuppen [5]) A continuous time stochastic system is a
multiple (Q, #, P, T, F, X, Z, &, %) such that

i) (Q, #, P) is a complete probability space;
i) TcR, T an interval;
ili) F={F};.p filtration on (Q, #, P);

iv) X and Z are F-adapted processes with values in the measurable spaces &
and % respectively;

V) (FFH Vv FET F|o(X ) eCl for all 120.

Formally speaking each of the components of the multiple in Definition 1.1 is
part of the definition. However if no confusion can arise we will often write (X, Z)
for a stochastic system. The crucial property in the definition of a stochastic
system is (v), which says that given a whole past £, it is sufficient to use only X,
for the prediction of the future values of X and the future increments of Z.
Observe that 1.1(v) implies that X is a Markov process with respect to the
filtration F. Finally it is noticed that usually #,=F¥ v #Z and T=(—0, ) or
T=[0, c0).

Clearly the above definition is too abstract for practical purposes. In particular
cases one has to specify the distribution of the state and output process. One way
to do this is to pose stochastic differential equations that X and Z satisfy. In this
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paper we treat stochastic systems where the output process is a counting process
and X a finite state process.

DerINITION 1.2 A counting process system is a stochastic system where the output
Z is a counting process. We write in this case N for the output process instead of
Z. The shorthand notation is then (X, N) for a counting process system with state
process X.

We will treat in more detail the class of conditionally Poisson systems.

DeriniTiON 1.3 (Brémaud [1]) Let N:Qx[0,00)—»N be a counting process,
F-adapted with Doob—Meyer decomposition w.r.t. F:dN,=A,dt+dm, Let F1 =
6{},t20}. N is called a conditionally Poisson process, or a doubly stochastic
Poisson process, iff for all t,h=0, ueR

E[exp(u(N,+— N))| %, v F4]=exp ((e"“— y'[s, ds). M

So conditioned upon #,v #%N,,,—N, has a Poisson distribution with mean
jt”‘ Ads
t 5 *

ProposiTION 1.4 N is a conditionally Poisson process iff m as given in 1.3 is a
martingale wrt. F={F},5 ., where F,=F,v F*.

Proof 1If N is conditionally Poisson, then

t+h
E[mt+h'—mt|‘¢-t] =E[Nt+h"'Nt|'ﬁbt]—El: .‘. AstI‘ﬁ-t:I

t+h t+h

= [ Ads— [ A,ds=0.
t t

Conversely assume that m is a martingale w.r.t. F. Apply the stochastic calculus
rule to exp(iuN,) to obtain
t+h
exp(iuN,,,) =exp(iuN,) +(e“—1) | exp(iuN,_)dN;

t

t+h

=exp(iuN,) +(e*—1) | exp(iuN,_)(A,ds+dm,).
t

Take conditional expectation w.r.t. &, and get

t+h

E[exp(iuN,.4)|#.1=exp(iuN) +(e“—1) | E[exp(iuN,)|# 1A, ds.
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Define g(t+h, t) = E[exp(iu(N,+,— N,))|#,]. Then we get

t+h

gt+hty=1+("=1) | g(s, t)Ads,
t

from which we find g(t+h, t)=exp((e“—1) [{*" A;ds).

Next we present a method for the construction of a counting process system.
Let a probability space (Q, #,P,) be given together with a standard Poisson
process N and a Markov process X (with state space &) defined on it such that N
and X are independent processes. Notice that such a probability space always
exists, We assume that X has cadlag paths. Consider the following filtrations:
NS F={F¥v Fzoo F={F¥v FX} 0. The following observation is
important. Let i, = N,—t. By definition # is an F¥-martingale. However because of
the independence assumption # is also an F- and F-martingale. Similarly X is also
Markov with respect to the filtration F. Let A:[0, o0) x & —=(0, o) be a measurable
function such that E, [ A(s, X)) ds< oo, V. Write 4,=A(t, X,_). Then {4,} is clearly
both F and F-predictable. Then M defned by M,={% (4,—1)dm, is an %-
martingale and let A,=&(M,). Then

t t
A,=exp (j log A, dN,— [ (A,— 1)ds>
0 0

and A is an F- and F-local martingale. We make the following assumption:
EoA,=1, Vt=20. We can now define a new measure P on (Q, ﬁw)=(Q, F,) as
follows. If AeZ, then by definition P(4)=E,[1,A,]. The extension to %, follows
by Caratheodory’s theorem. Observe that the restriction of P to &, is absolutely
continuous with respect to the restriction of P to %, with A, as Radon-Nikodym
derivative and that A,>0 P, a.s. Observe also that the restrictions of P and P, to
F¥ coincide.

ProrosiTioN 1.5 Under the new measure P
t
i) m,=N,— [ A,ds defines a martingale with respect to F and F;
4]

ii) X is a Markov process with respect to F.

Proof The first assertion follows from Girsanov’s theorem (van Schuppen and
Wong [6]). So here we prove only (ii). Let f be a bounded measurable function on
Z and h>0. Then because A, is the Radon-Nikodym derivative dP|#,/dP,|#,

Eolf(X,+ WA Z] _

ELf(X,+0)|#]= ATNEA =Eo[f(X+4)| #]=Eolf (X, 1) 0(X)].
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In the second equality we have used the fact A, is #,-measurable and in the
third one that X is F-Markov under P, I

THEOREM 1.6 Under the new measure P the pair (X, N) forms a stochastic system.

Proof From part (i) of Proposition 1.5 and Proposition 1.4 we obtain that N is
conditionally Poisson. Notice that we even have

E[exp(iu(N,+»— N))| F1=exp ((e“‘— l)t}his dS>.

Hence
E[exp(iuN, 44— N )| F, v Z¥] = E[exp(i(N, 4, — N))| F "]
which shows that
(FAN* F|FEYeCl,  Vizo.
The fact that X is F-Markov yields
(F¥*, Zlo(X)eCl, Vtz0.

Now we can use the following result which is obvious. Let F,, F,, G be
c-algebras. Then (F,,F,|G)eCI and (Fy,F3|Gv F,;)eCl is equivalent with
(Fi,F,v F3|G)eCI. In our case we take G=o(X,), F,=%]", F,=%, and
F3=FM" and we obtain (%, F¥* v F:V*|6(X))eCl. |

Thus we have constructed a stochastic system where (as always) X is a Markov
process and the output process is a conditional Poisson process. Notice that so far
we have used an evolution equation for N whereas for X we only have .the
Markov property. The next objective is to describe the evolution of X in terms of
a stochastic differential equation. Throughout the rest of this chapter the following
assumption will be in force.

Assumption 1.7 The state process X takes its values in the finite set 2=
{xi,..., x,}, where the x; are different. Moreover for all i and t>0:P(X,=x;)>0.

Define Y:Qx [0, 00)—{0,1}" by its components Y;:=1,.,,. Denote by ®(t,s)
the matrix of transition probabilities of X. That is for t=s, with the notation
z" =271, and the understanding 0/0=0

Di(t, 5) = P(X, = x;| X, = x;) =(EY}) "E(Y, Y;).

Then we have the following well-known facts. Semigroup property: ®t,s)=
@(t, u)®(u, s) for t=u=s. Assume that for all >0 the following limit exists
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A(t):=lim L [®(t+h, 1) —I].
hlO h

A(t) will be called the generator of X at time ¢. So A(r) has nonpositive diagonal
elements, the other entries are nonnegative and the column sums are zero.

Proposition 1.8 gives a representation of Markov processes in terms of a linear
stochastic differential equation driven by a martingale.

ProposiTION 1.8 Let X:Q x [0, c0)=% be a stochastic process, F-adapted and let Y
be associated with X as before. Assume that Y satisfies

dY,= A(t)Y,dt +dm]. @)

Here A:[0, 0)—R"*" is a Lebesgue measurable function (deterministic!) and m' an
F-adapted martingale. Then X and Y are F-Markov processes, with generator A(t).
Conversely, if X is F-Markov with generator A(t), then Y satisfies (2).

Proof (Spreij [4]) 1

Next we give a result on Markov solutions of stochastic differential equations
(see also Protter [3] for related problems).

ProrosiTION 1.9 Let X be the solution of the stochastic differential equation

dX,=g(t, X,) dt +dm}, X, (3)

where m* is an F-martingale and g:[0, 00) x F > R. Assume that the jump measure u
of X admits a compensator v (with respect to F and P) such that v(dt,dy, )=
p(t, X (w),dy)dt. Then X is an F-Markov process.

Proof We show that for the indicator process Y the representation of
Proposition 1.8 holds. From (3) we get the stochastic calculus rule for all k=0:

dX*=kX 21 dX,+ [ [(X,- +y)*— X*_ —kX*2'y]u(dt, dy)
I .
=kX;~! (g(t, X))+ [ UX+y) —XE—kX{ ™t ylp(t, X, dy)> dt+dm®.  (4)
x

Here dm® summarizes all the martingale terms in (4). In a more compact notation
we can write (4) as

dX*=g®(t, X,) dt +d® (5)

where g®:[0, o) x ¥ —+R. Now we can write X* as [x%,...,x¥]Y, and g¥(t, X,) as
GY(1)Y, where G¥(t) =[g™(t, x,),...,g™(¢, x,)]. Introduce the following notation. V
is the (n x n) matrix with kth row equal to [x¥™%,...,xk"1] (k=1,...,n). G(t) is the
(nxn) matrix with kth row G* (t) (k=1,...,n). M, is the martingale with
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components m¥. If we consider (5) as a system of equations for k=0,...,n—1 we
can summarize it (with G(¢) and V as defined above) as

VdY,=G(t)Y,dt+dM,. (6)

Observe that V is a Vandermonde matrix, that is nonsingular because all the x;
are different. Let A(t)=V"'G(t) and MY =V"'M, then (6) becomes

dY,=A(t)Y,dt+dM}. W)

Because M is an F-martingale and A(t) is nonrandom, we obtain from (7) by
applying Proposition 1.8 that X is F-Markov, with generator A(t). ]

If we collect the above results we get the following

THEOREM 1.10 Let the process X and the counting process N satisfy the following
equation

dX,=g(t, X )dt+dmf, X,
dN,=A(t, X)) dt +dm,, Ny=0.

Here A and g are measurable functions from [0, 0)x % to R and R* respectively
and m* and m are F-martingales. Assume moreover that m is a martingale with
respect to F={FY v FX) and that the jump measure u of X admits a compensator v
of the form v(dt, dy, w)=p(t, X {w), dy) dt. Then the pair (X, N) is a counting process
system.

2. MINIMALITY OF CONDITIONALLY POISSON SYSTEMS

In this section we will confine ourselves to stationary systems., This means that the
functions A4, g and A in Theorem 1.10 are not explicitly dependent on t. So we use
the representations

dY,=AY,dt+dM}, Y, (8a)
dN =CY,dt+dm,, Ny=0. (8b)

Here C is a row vector in R" with elements ¢;= A(x;).

Equation (8) is called the forward representation of the system (X, N). It is also
possible to give a backward representation. The starting point of this section is the
system Eq. (8). The word minimality in the title refers to the minimality of size of
the state space & in a way to be made precise below. The external behaviour of
the system (X, N) is the process N. We call (X, N) minimal if we cannot find a
system (X, N) where X has a smaller state space than X. Observe that the external
behaviours (X, N) and (X, N) are both given by the same process N. For (X, N)
we use Eq. (8) with Y, 4 and C replaced with ¥, C, 4.
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DeriniTioN 2.1 The forward representation (8) of the system (X, N) is called
strongly reducible if there exists a set & of lower cardinality than 4 and a function
f:Z - such that with X,=f(X,), the pair (X,N) is a stochastic system with a
forward representation of the form (8) and such that CY,=CY,. In this case (X, N)
is called strongly forwardly reducible. If (X, N) is not strongly forwardly reducible,
it is called strongly forwardly minimal.

Some remarks are appropriate.

1) If (X,N) is strongly reducible then the “new” state process X is again
Markov.

2) The adverb strongly in Definition 2.1 can be thought of as opposed to
weakly. One may call a system weakly reducible if there exists a counting process
system (X, N) on some possibly different probability space (Q, #, P) such that the
state space of X has strictly smaller cardinality than that of X and such that N is
equal to N in distribution. One can also define strong reducibility for the
backward representation of (X, N). We will not treat weak problems and problems
for the backward representation. For this reason we will speak of minimality and
reducibility throughout this section when we mean strong forward minimality and
strong forward reducibility.

The problem that we want to treat is the characterization of minimal counting
process systems. In view of Remark 1 above we first focus our attention on
functions of a Markov process.

From the equivalence of F-Markov processes and solutions of certain linear
stochastic differential equations (Propositions 1.7 and 1.8) it is easy to see when
functions of a Markov chain again yield a Markov chain. A similar result also
holds for nonstationary chains (Spreij [4]).

To be specific let as before X be a F-Markov chain with state space . Let H be
another set and f:% —H a function. Clearly f(X) is again Markov if f is injective.
To avoid trivialities let us assume that H={h,,...,h,}, m<n and that f is onto.
Write Z,= f(X,). Associate with Z the indicator process W as usual:

W:Qx[0,0)={0,1}", W, =1z 4,

Define FeR™*" by F;;=1;,-4) Notice that 1TF =17, where 1,, is a column
vector with as elements + 1. Then W,=FY, Notice that because f is onto, F has
rank m, i.e. it has full row rank. Let KeR"*™ ™ be a fixed matrix such that its
columns span Ker F. Let as before 4 be the matrix of transition intensities of X.
We have the following theorem, similar to a result in discrete time (Kemeny and
Snell [2, p. 126]).

THEOREM 2.2 Let X be F-Markov with finite state space ¥. Let % —H. Then
Sf(X) is again F-Markov iff FAK =0 where the columns of K span KerF and F is
related to f as indicated above. If this condition is satisfied, then the matrix B of
transition intensities of f(X) is given by B=FAF, where F is any right inverse of F.

Proof (Spreij [4]) |

We will work with a special right inverse of F, the Moore—Penrose inverse
which is defined as F*=FT(FFT)™!. Because of the prominent role that matrices
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F as defined before play, we will refer to these as reduction matrices. Observe that
the only invertible transformations of the state space & are permutations, which
correspond to special reduction matrices F, the permutation matrices, that also
have the property F1=1.

ProprosiTiON 2.3 The pair (X, N) is reducible iff there exists a reduction matrix F
such that with A=FAF*, C=CF" the equalities FA=AF and C=CF hold.
Moreover for the reduced system (X, N) the generator of X is A and the intensity of
N is given by CY,. In this case one says that F reduces (X, N).

Proof Obvious in view of Remark 1 after Definition 2.1.

Remark Observe that from purely algebraic considerations FA=AF implies
that indeed A4 is a generating matrix of some Markov process. Indeed, let k=k(j)
be the unique integer such that F;;=1. Then

Ap=Y FyA;;=Y FuA;+Fi A
7 i%i

NOW if l=k, then Zlk=zl¢jFUAIJ+A”§ZI¢,IAU+Aj]=0‘ And lf l#k, then
Ay=Y,,;FuA;;20. Furthermore 174 =0. Observe also that FA=AF is equivalent
with F®(t) =®(t)F, where ®(t) =exp(At) and () =exp(A4r).

Since the stochastic nature of the pair (X, N) is determined by the pair (4, C) in
view of Eq. (8), we will often speak of minimality or reducibility of (4, C) instead
of (X, N).

Observe that the reduction procedure is transitive, which means the following.
Suppose F, reduces (X, N) into a new system (X ;, N) and suppose that F, reduces
(X, N). Then F,F, reduces the original system (X, N). Indeed if F, reduces (X, N)
then FiA=A,F, for A;=F,AF{ and C=C,F, for C,=CF{. If then also F,
reduces (X,,N), then we can write F,A,=A4,F, and C,=C,F,. But then
F,F . A=F,A,F,=A,F,F, and C=C,F,=C,F,F, which is what we have to
prove. Notice however that given a reduction matrix F that reduces (X, N) one
cannot always decompose F as F=F,F,, where F, reduces (X, N) and F, reduces
(X1, N). A simple example is the following. Suppose that X has generator

-2 1 2
A= 1 -3 2
1 2 -4

and N has constant intensity A=A17Y,. Then clearly F=[1 1 1] reduces (X, N)
but no reduction matrix FeR?*3? reduces (X, N) as can easily be checked.

DEriniTION 2.4 Let the row vector CeR" be given. Then D is defined to be the
diagonal matrix diag(C) which has as the jth diagonal element c; For ueR,
D(u)=(e*—1)D.

LEMMA 2.5 Let F be a reduction matrix, with right inverse F* and let K be a
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matrix whose columns span KerF. Let C=CF* and D=FDF*. The following
statements are equivalent
i) C=CF;
iiy FDK=0;
iiiy FD=DF.

Proof (i)==(ii):

(FDK)U =; FikckKkj =kZl FikEIFlekj'

Because of the special form of the matrix F, there is only one nonzero element in
each column. Hence a product F,F, equals zero if is#l. Therefore the last
summation can be written as

Z Flkc-iFikKkj= ¢ Z Fiszkj=c_i; FikKkj=O'
k : k

(ii)=>(iii) FDK =0 means that FD is contained in the left kernel of K which is
F. Hence there is a matrix L such that FD=LF. But then by postmultiplying with
F* we obtain L=FDF* =D.

(ili)=>(i)) Fd=DF implies that 1"FD=17DF or 1"D=17DF. However 1"D=C
and 1'7D=C. |

Remark Assume that FD=DF for some reduction matrix F. Then D is
necessarily diagonal. Indeed we have from this assumption: F;ic;=D,F;+
Yi.;DuF;. Assume that i#k and multiply this equation with F,; Then, since
F;F,;=0 for i#k we have 0=D,F,;, and hence D, ) ;F,;=0. Since the summa-
tion ) ; F;;2 1 for all k, we have D;; =0.

LemMmA 2.6 Let F and K be as in Lemma 2.5 and let e; be the ith basis vector of
R". Let (X,N) be a stochastic system as in (8). Assume that FAK=0. Then F
reduces (X, N) if C is such that Fe,=Fe; for some k and j implies ¢, =c;.

Proof We only have to prove that we can write C=CF, where C=CF".
Observe first that

(FFT)11=§ Fquk=; Fik5U9

where §;; is the Kronecker symbol. In particular (FF)] =Zk Fy. Observe further-
more that for all i, j, k, ¢, FyF;=cFyF, because of the assumption on C. Now we
calculate

(CF)1=(CFT(FFT)_1F);=I§ CkFtk(FFT)iTIFU=§CkFikFu(FFT)(Tl
T X
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=CJ'ZFU(FFT)I’?1;Fik=cszij=Cj.

So CF=C. |

Remark From Proposition 2.3 it follows that a necessary condition for
reduction of (X, N) (or (4, C)) is that some of the ¢; are identical. However this
condition is not sufficient, since also the transformed process f(X) has to be
Markov. See the example that follows after Proposition 2.3.

However if F reduces a pair (4, C), then, as follows from Lemma 2.6, at the
same time it reduces any other pair (4, C), where C=CF for some C. Observe that
here all the & may be different, which is not necessarily the case for the ¢;. This
means that if F reduces (4, C), it also reduces any other pair (4, C)=(4,CF), if
there exists a map g such that g(¢;)) =¢;. Or, equivalently, if there exists a map g
such that g(¢)=c; Indeed this equivalence holds, because g(¢)=g( ;¢;F;)=
2i8E)F =Y, ¢F=c.

To see whether a system (X, N) is reducible one may check whether the criteria
of Proposition 2.3 hold for a reduction matrix F. If the state space Z is very large
this is of course quite a task. So we are looking for more easily verifiable criteria.
It turns out, as can be expected, that a definition of stochastic observability offers
an alternative approach to find a possible reduction. Before defining this concept,
we have to introduce some notation and we also need some properties that are
satisfied by the objects that play a role in the following definition.

DerINiTION 2.7 Let for each integer k=1, U* be the set of bounded left
continuous functions from R* to R¥. Write U=U" and if ue U*, then u(r) will be
written as a row vector. Define for ue U, ve U™, a reduction matrix FeR™*" and
T=2t=0

gr'(t, T)=E [exp (i f u(s)dN,+i f v(s)FY, ds)

t

f] )

Because (X, N) is a stochastic system, we may replace the conditioning g-algebra
in (9) by o(X,). Hence there exists a deterministic h%*(t, T)e C'*", such that
gr'(t, T)=hg“(t, T)Y,

The following proposition gives a representation for hy (¢, T} as defined above.
We use the following notation throughout the rest of this section. Let x be a row
or column vector in R". Then diag(x) is the nxn diagonal matrix with ith
diagonal element equal to x; Note that gi“(t,T) can be interpreted as a
conditional characteristic function of part of the future behaviour of the system,
given its entire past.

ProposITION 2.8 Let h%(t, T) be as in Definition 2.7. Then it satisfies the integral
equation:

STOCH.—C
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hgt(t, T)=1T+ f hz*(s, T)(i diag(v(s)F) + D(u(s)))®(s — ) ds. (10)

In the points where h%*(, T) is differentiable, we have
0

3 hg*(t, T)= — hg*(t, T)(i diag(v(t)F) + D(u(t)) + A). (11)

Proof We suppress in this proof the dependence on u,v and F.
Let g(T)=exp(i[{u(s)dN,+i[§ v(s)FY,ds). Then from the stochastic calculus
rule we obtain

gN=1+ jT'g~(s =)™ —1)dN,+ ? 8(s)iv(s)F Y ds. (12)
0 0

Now we take conditional expectations in (12) w.r.t. #,=%, v #X. Because CY
is also the F-intensity of N, we get

E@(T)I%J=g(t>+E[f§(s)(e""‘”—1>cnds|s¢,}+E[fg(s)iv(s)n;ds%]

T T
=§(1)+ [ E[3(s)| )€ —1)CY,ds+ [ E[Z(s)|#,Jiv(s)FY,ds. (13)
Define §(z, T) = E[3(1) " '8(T)| #1=&(t) " 'E[§(T)| £.]. Then (13) yields
gt T)=1+ f (1, $)((e™ — 1)CY, + iv(s)F Y;) ds.

So, g(t, T)=exp(J] (¢"®—1)C +iv(s)F)Y,ds). From this expression we also obtain
a “backward” integral equation:

gt T)=1+ f (s, T)((e™9 —1)C +iv(s)F) Y, ds. (14)

Define now g(z, T)=E[g(t, T)|#,], and observe that this is indeed the quantity
in Definition 2.7. So we can write g(t, T)=h(t, T)Y,. Then from (14)

gt, )=1+E U E[&(s, T)|#.1((e™9 — 1)C +iv(s)F) Y, ds| 97,]



CONDITIONALLY POISSON SYSTEMS 67

=1+4+E _jt g(s, T)((e™¥ = 1)C +iv(s)F)Y, dslg"',]

T )
14 E| [ hs, DY (e~ 1)C+ 9 P)Y, dsw,]

=1+E _f h(s, T)(D(u(s)) + i diag(v(s)F)) Y, ds]ﬁ,:l

t

=1+ ; h(s, TY(D(u(s)) + i diag(v(s)F))®(s —t) dsY,. (15)

t

Or, since 17Y,=1, g(t, T)=h(t, T)Y, and (15) has to hold for all possible outcomes
of Y, we get h(t, T)=17+{T h(s, T)(D(u(s)) +idiag(v(s)F)®(s —t)ds. This proves
(10).

Furthermore, if differentiation w.r.t. ¢ is allowed, (10) yields

g—?(t, T) = —h(t, T)(D(u(1)) + i diag(v(t)F))

- ? h(s, T)(D(u(s)) +idiag(v(s)F))D(s —t) A ds

= —h(t, T)(D(u(t)) +idiag(v(t)F)) + (17 —h(z, T))A
= —h(t, T)(D(u(?)) +idiag(v(t)F) + A).

because 174=0. Hence (11) holds. |}

In several cases an explicit expression for h%*(t, T) is available. We need the
following notation. Let M,..., M, be square matrices of the same order. Then we
denote by []f-, * M, the ordered product M,M,_, ... M,.

COROLLARY 2.9 Let t=to<t < <t,=T. Let for j=1,...,k, u;eR and v;e R"
and define u(s)=%_,u;ly,_, .S), () =351 v;l,_, . )(5). Then with this choice of
the functions u and v we have

k
heo(t, T)=17 [] * exp((i diag(v;F)+ D(u) + A)(t;—t;_1))- (16)

ji=1

Proof Follows directly from Eq. (11).

The usefulness of the h%(z, T) is partly the content of the next lemma.
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LemMMa 2.10 Assume that F reduces (X,N). Let A" =KerF and K be a matrix

whose columns span A . Then hg*(t, T)K =0, and hence there exists a factorization
he(e, T)=h*"(t, T)F.

Proof Observe first that, always, F diag(v(s)F)=diag(v(s))F. From the fact that
F reduces (A4, C), we have FAK=FDK=0. Hence there exist matrices N, N,(t)

and N, such that AK=KN,, ®(t)K=KN,(t), DK =KN,. Therefore, with suppres-
sion of the dependence on u, v and F:

h(t, NK=1"K + f h(s, T)(i diag(v(s)F) + D{(u(s)))®(s —t)K ds

=0+ f h(s, T)K(iN(s) +(e™® — 1)N,)N (s —t) ds. (17)

Since h(t, T)K =0 is a solution of (17), and since solutions are unique, the proof
is finished. |

Apparently, for stepfunctions u and v as in Corollary 2.9, only the differences
t;—t;—, are important. Therefore we introduce functions hi(t) as follows. Let
{t;}ri<eRY, {u}%, <R, {v;}2,=R™ and define hgi(t) as in (16) with the
differences t;—t;_, replaced by t;. Let H be the cone {(z, T)e R*: T 2t 20}. Clearly
for all ueU, veU™ and (t, T)e H, h¢'(t, T) induces a linear map from R" into C.
So we can introduce hpe L(R", CU*V™*H) by hp(u,v,(t, T))=h%"(t, T) e Z(R", C).
Denote by £ the kernel of hg.

In a similar way we can introduce operators hg ;, by considering the functions

¥ %(t), and their kernels /% ;. Now we can prove the following.

THEOREM 2.11 Let X'y be Ker hy and Ay ,=Kerhy . Then
i) fF,l D‘[F,ZD“. and ﬂ}n=1fp'j=c%/‘p;

ii) If for some j Ay ;=A% j.y, then Ay ;is D, A and diag(vF) invariant, for all
veR™ and A p=A%

iil) A cKerF;
iv) If moreover hy factorizes as hgp=hF, then X =Ker F.

Proof Since we work with fixed F, we suppress the dependence on F. For
notational convenience we also suppress dependence on u and v.

i) Let f;=t;4,, j21. Let v; =0, u; =u. Then
h*1(t)=h(D) exp((i diag(vF) + D(u) + A)t ). (18)

Now h;, ,(t);.,=0. So in particular for ¢, =0, we get h(f);,,; =0, which
shows that X, , < X,

Certainly A" < &, for all j, so A4 < [)jZ, A} But since any ueU and
veU™ are pointwise limits of stepfunctions, also the reversed inequality
holds.
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ii) Assume ;= ,. Differentiation of (18) with respect to ¢, gives
0 L
056—!1 hjs () A =h;, (t)(idiag(vF) + D(u) + A)X;. (19)

Now take in (19) t, =0, u=0 and v=0. Then
O=h{(DAX;

which yields & to be A-invariant. With this information we take in (19)
t;=0 and u=0 but we allow v to be free. This yields X is also diag(vF)
invariant for all v. Similarly ) is also D(u) invariant for all u, hence D
invariant. Hence X" = (2, ¥, =X

iii) From (ii) we know that 2 is diag(vF) invariant (for all v). Hence
Fdiag(vF)4 =0 or diag(v)FA =0=Fx4 =0.

iv) Obvious in view of (iii).
ProrosiTioN 2.12  The following statements are equivalent.

i) Kt T)=F**(t, T)F;
ii) h*" satisfies the integral equation

e, T)=1"+ ; R*¥(s, T)(i diag(v(s)) + D(u()))®(s —t) ds (20)

where FD=DF, FO(t)=®(t)F.

Proof ()=(ii) From Theorem 2.11, we know that Ker F=Kerh, is a D, 4 and
diag(v(s)F) invariant subspace of R". So there exist matrices D and A4 such that
FD=DF, FA=AF, and as always we have F diag(v(s)F)=diag(v(s))F. Hence

T
Reo(t, TYF =17 + | B *(s, T)F(i diag(v(s)F) + D(u(s)))®(s —t) ds

=17+ [ B*"(s, T)(i diag(v(s)) + D(u(s)))®(s — t) dsF.

After postmultiplication with F*, the claim follows.

(ii)=(i) Postmultiply (20) by F, then we see that h**(t, T)F satisfies the same
integral equation as h%°(t, T). Because h*%(T, T)F =1"F=1T=h%"(t, T), the claim
follows. |

The following proposition, that summarizes some of the preceding results forms
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the basis of Definition 2.14 below and makes it understandable if one keeps the
interpretation of g% “(t, T) as a conditional characteristic function in mind.

ProposiTioNn 213 Let X,=f(X,), Y,=FY, where the reduction matrix F is
associated with f as usual. There is equivalence between

i) E[ge"(t, T)|o(X)]1=ge"(t, T) for all u,v and t<T.
ii) (X, N) is a stochastic system and g&*(t, T)=E[g%"(t, T)|97,’? v ¥ for all u,v
and t<T.
ili) There exists a factorization h*(t, T)=h**(t, T)F.
Proof (i)=-(iii) There exists a matrix Q, such that E[Y|¢(X)]=0Q,Y. (i) then
implies h%*(t, T)Y,=h*(t, T)Q,¥,= h%*(¢t, T)Q,FY,. So take F**(s, T) = h*(t, T)Q,.
(iii)=>(i) ~ ~ ~ - o
E[g%*(t, T)|o(X,)] = E[F"“"(t, T)FY;|a(X)] = E[F"*(t, T) ¥} o(X,)]
= (e, T)Y,= b (¢, T) ¥,
(i) =(ii)
E[gk*(r, T)|&F v #N]=E[ELgs*(t, T)|F¥ v FV|2F v #1]
=Elh(, DY|F¥ v FN=ER(, DY FT v #1]
=gr'(t, T).

This, together with Proposition 2.12 also shows that (X, N) is a stochastic
system.

(i) = (i)
het(e, T)Y,=E[gh"(t, D|F ¥ v FN=E[gh (1, T)|o(X)]=hg*(e, )Y,

for some deterministic A% “(z, T) since the last conditional expectation is a function
of X,. Because Y,=FY, the result now follows. |

DermniTioN 2.14  The nth order system (X, N) is said to be strongly stochastically
observation equivalent with some mth order system (m=<n) if there exists a
reduction matrix FeR™*" such that a factorization hy=~hF holds. If any such
factorization implies that F is a permutation matrix, then (X, N) will be called
strongly stochastically observable.

Some comments are appropriate. Let (X, N) be described by Eq. (8). If (X, N) is
strongly stochastically observation equivalent with some mth order system, then
from Propositions 2.12 and 2.13 it follows that this one is described via matrices A
and C by an equation like (8). Therefore we will also say that (4, C) is strongly
observation equivalent with (4, C).

The interpretation is as follows. If we condition the distribution of the future of
the bivariate stochastic process (f(X),N) on the entire past of (X,N), or
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equivalently just on the current state X, then this determines f(X,) only, instead
of X, itself. We also know from Proposition 2.13 that (f(X),N) is again a
stochastic system.

Suppose now that (X, N) is strongly stochastically observable and that F is a
mxn reduction matrix (m<n). Then a factorization hr,=HhG always exists for
another reduction matrix G, which may be the identity (or a permutation matrix).
However, because then Ker G « Ker hy < Ker F [see Theorem 2.11(iii)], where the
last inclusion is strict, it follows that there exists yet another reduction matrix H
such that HG=F. Hence the conditioning of the distribution of (f(X), N} on X,
determines strictly more than f(X,). Stated otherwise, f(X,) is not sufficient to
predict the future distribution of (f(X), N). Note also that in this case (X, N) can
only be strongly stochastically observation equivalent with another nth order
system.

We also mention thaat this definition differs from the current definition of
stochastic observability in the literature [van Schuppen (1989, p. 490)] for linear
Gaussian systems, where the future evolution of the state processes is disregarded.
However the Gaussian analogue of our definition is equivalent with what can be
found in the literature. The reason behind our alternative is that we now force the
transformed process f(X) to be Markov, which is automatically the case in the
linear Gaussian situation. Therefore a slightly different terminology appears to be
advisable. The idea behind strong stochastical observation equivalence, is that it
should provide us with a link to (strong forward) reducibility. Moreover it should
give us information about what reductions of the original systems are possible.
This is the content of the next result which, although obvious, brings the concepts
minimality and observability together.

THEOREM 2.15 Let (X, N) be given by Eq. (8). Let F be a reduction matrix and
define A=FAF* and C=CF".

i) F reduces (A,C) if and only if (A, C) is strongly stochastically observation
equivalent with (A4, C).

ii) (4,C) is (strongly forwardly) minimal if and only if (A,C) is strongly
stochastically observable.

Proof Direct consequence of Definition 2.14, Theorem 2.11 and Proposition
2.12. |

At first glance this theorem seems to be not very helpful, if one is looking for
possible reduction of (4, C), since Definition 2.14 involves the unknown F that
describes the reduction. But it turns out that it is a useful step to the finding of the
F (if any) that reduces (A4,C). We first introduce some new notation and an
auxiliary result. Take in the definition of h*(t, T) the function v to be identically
zero and write instead h*%(z, T). Observe that this quantity does not depend on the
specific F any more. By taking u to be a stepfunction we can again, parallel to
what we did after Lemma 2.10, construct hi(t)e C" and from these the operators h
and h,. Some of the properties of the h%*(t, T) and h§'(t) carry over to h*(t, T) and
the hji(t). There are however some differences. The precise result is the following.
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ProrosiTiON 2.16 Let A =Kerh, #;=Kerh;. Then

1) %l D'%/'ZD"', and mf=1f1=%
ii) If for some j A ;=X ,, then X =H; and X" =, is D and A invariant.
iii) If F reduces (A, C), then Ker F = X', hence there exists a factorization h=hF.
iv) If a factorization h=hF exists such that Ker h=Ker F for a reduction matrix
F, then F reduces (A, C).

v) There is equivalence between
a) k'(t, T)=h*(t, T)G and Ker h=Ker G for some matrix G, and

b) F¥(t, T) satisfies the integral equation
T
(e, TY =17 + | k*(s, T)D(u(s))®(s — 1) ds

where DG =GD, D(u(s)) = (e —1)D and &(1)G = G(1).,

Proof (i) and (ii) are proved in the same way as (i), (i) of ;‘Theorem 2.11, (iii)
follows in the same way as Lemma 2.10, (iv) follows from (ii) and (v) can be
proved as Proposition 2.12. ]

Remark The most striking difference between h and hy is the following.
Suppose that % =Kerh#{0}. Then we have a factorization h=hG for some G
which is such that Ker h=Ker G. It may happen that it is impossible to choose G
to be a reduction matrix. See Examples 2.23 and 2.24. Notice also that we imposed
in (v) of Proposition 2.16 that Ker h=Ker G, whereas for the analogous statement
of Proposition 2.12 the equality Kerhz=Ker F automatically holds. The next
proposition implicitly offers a way to compute the ¢ and .

ProposITION 2.17  There exist a sequence of matrices W;, as indicated in the proof,
such that Kerh;=Ker W, for all j= 1.

Proof Let z=e"—1 and let (with a little abuse of notation) hj(t)=hi(t). Let
W,(z) be the nxn matrix with jth row equal to (8/0tyhi(0)=1T(zD + Ay~ * (use
Eq. (11) with v=0). By the Caley-Hamilton theorem for k=n one has
(6/00)h3(0) =125 a,;17(zD + A)’ for some real numbers o,; Hence Kerh; =" if
and only if W(z)# ={0} for all z. Next we form the matrix W, in the following
way. Each row 17(zD+ A)' ™! of W(z) can be written as Y {2(z*B;, where the B
are row vectors in R". W, is now the matrix obtained by stacking all the §,; in a
large matrix with n columns. It is evident that Ker h, =Ker W,. In an analogous
way we can also construct matrices W(z) via the partial derivatives of hi(t) with
respect to the vector r evaluated at t=0. And as above by grouping the equal
powers of z that appear in the rows of W(z), we obtain a matrix W,. Hence the ¢/
appearing in Proposition 2.16 are the same as the kernels of the matrices W, |

Some additional properties of h are described by the following lemma.
LEmmA 2.18

i) For all ueU the function h*(-,T) is left differentiable at t=T and
(8/0)h(T, T) = — (M —1)C.
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ii) Let V be the nxn Vandermonde matrix with jth row equal to 17D~ . Then
Kerh<Ker V.

ili) Assume that there exists a reduction matrix F such that h*(t, T)=h(t, T)F.
Then C can be written as CF. If moreover all the elements of C are different
Jfrom each other, then A" =Kerh=KerF.

iv) If all the c; are different then Ker h={0}.
Proof

i) Immediately follows from Eq. (11) since A(T, T)=17 and 174 =0.

ii) From Proposition 2.16 we know that Kerh is D invariant and since
1"Ker h=h(T, T)Ker h={0} we have 17D/~ ! Ker h=1"Ker h={0}.

iii) We have to prove that # =Ker h={0}. Because of (i) and Lemma 2.5 there
exists a diagonal matrix D such that FD=DF. Now % =Fx". Hence
DA =DFA" =FDX cFAX'=X4. So X% is D invariant. If ¥ is the
Vandermonde matrix with jth row equal 17D/~ ! then we have as in (ii)
A < Ker V. The latter is zero, since all the elements of C are assumed to be
different.

iv) Follows from (iii).

The role that the h*(t, T) play in the finding of a matrix F that reduces (X, N) is
revealed by the following theorem.

THEOREM 2.19 There is equivalence between

i) (A, C) is strongly stochastically observation equivalent with (4, C).

ii) There exists a reduction matrix F such that h*(t, T)=h*(t, T)F for all t<T
and all ue U and a similar factorization holds for any other pair (4, C) where
C=CF. So if h is related to (4, C) as h is to (A, C), then: h*(t, T)=H*t, T)F
forall t=T and all ueU.

Proof ()=(ii)) From Theorem 2.15 we know that there exists a reduction
matrix F such that FA=AF and C=CF. But then in view of the remark after
Lemma 2.6 F also reduces any (4, C) where C can be written as CF. Hence from
Proposition 2.16 we have both the factorization k(t, T)=h*t, T)F and A%, T)=
R“(t, T)F.

(i)=(i) Since the assumption holds for any C=CF, we may take all the
elements of C to be different. Then from Lemma 2.18(iii) Ker i=Ker F and from
Proposition 216 Ker F is A invariant, so FA=AF, with A=FAF*. By
assumption and from Lemma 2.5 FD=DF. Hence F is a matrix that reduces
(A, C). The result now follows from Theorem 2.15(i).

The following result is closely related to Theorem 2.19.

ProposITION 220 Let (X, N) satisfy Eq. (8) and let (X,N) be another stochastic
system that satisfies an equation like (8) with C=[cy,...,c,] replaced with
C=[¢y,...,¢,] and let # =Kerh and A =XKer h. Assume that there exists a map g
such that ¢;=g(¢,). Then X < A
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Proof X is a D and A invariant subspace of R”, where D=diag(C) (Proposi-
tion 2.16). We claim that 2 is also D invariant. If the claim holds, then it
immediately follows from Eq. (10) with v=0, that k¢, T)A = {0}, since 174 = ={0}.
Since /£ is D invariant, it is spanned by some eigenvectors of D. So let ke A" be
such that Dk=¢k, for one of the eigenvalues of ¢ of D. Hence for all j we have
Cikj=Cik; if k= [kl, k,]". If k;=0 then certainly cikj=c;k;. If k;#0 then ¢;=¢;,
but then also ¢;=c;. So again we have ck;=ck; Hence k is an elgenvector of D
with elgenvalue = g(c) which shows that f is also D invariant.

All results so far obtained form the basis of Algorithm 2.21 below, that yields
for a stochastic system (X, N) a minimal representation.

ALGORITHM 221

1) Compute Kerh and find a reduction matrix F such that h*(t, T)=h*(t, T)F
and such that #%(t, T) cannot be factorized further by means of some other
reduction matrix.

2) If Ker h=Ker F, then the algorithm produces F as its outcome. Else we go to
step 3.

3) Let C=CF, where all the ¢; are different from each other. Form A%t T)
(which is related to (4, C) as was h*(t, T) to (4, C)).

4) Apply step 1 to h*(t, T) in lieu of h*(t, T).

Before proving that the matrix F produced by the algorithm, induces a minimal
pair (4,C) defined by A=FAF*, C=CF", we discuss the way it works. The
finding of F in step 1 is relatively simple. Compute Ker h by using the matrices W,
of Proposition 2.9 as far as needed. This results in a factorization h*(t, T)=
h*(t, T)G, where G is such that Ker G=Ker h. Next one inspects the columns of G.
If any two of them are identical, then the same holds for the corresponding
columns of F, which determines F up to a permutation of its columns. An
alternative way is to inspect the elements of the hj(¢) for all k as far as needed. If
two columns of F are identical then the same holds for the corresponding elements
of all the hj(t) and vice versa. If the algorithm stops at step 2, then it follows from
Proposition 2.16 that F reduces (A4,C). If instead Kerh#Ker F and step 3 is
performed then we known from Lemma 2.18 that some of the elements of C
(which is such that C=CF) are identical. Hence it makes sense to construct € as
prescribed. Then from Proposition 2.20 we obtain that Ker# = Kerk and more-
over that this inclusion is strict, since also KerhicKerF in view of Lemma
2.18(ii), applied to the Vandermonde matrix with rows 170/~ !, which has kernel
equal to Ker F. Hence the algorithm constructs a strictly decreasing sequence of
kernels, until it terminates which happens after finitely many iterations.

THeoREM 222 Let F be the final result of Algorithm 2.21. Then F reduces (4, C).
Hence there exist A,C with FA=AF, C=CF. Moreover (A4, C) is minimal.

Proof The resulting F has the property that in the final iteration a factoriza-
tionAof the form A*(t, T)=h*t, T)F holds, wheAre R4, T) corresponds to some pair
(A, €) and where Kerhi=Ker F. So Ker F is D and A4 invariant (Proposition 2.16)
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and also D invariant (see the proof of Proposition 2.20). Hence F reduces (4, C).
Now let F, be a matrix that gives a maximal reduction of (4,C). So with
A=F,AF{ and C=CF{ we have that (4, C) is a minimal pair. F, is determined
up to a permutation of its columns. Then in step 1 of the algorithm we have a
factorization (as follows from Proposition 2.16) h*(t, T)=h*(t, T)F,F,, where
possibly another reduction matrix is involved. Suppose that step 2 is skipped,
otherwise the proof is complete. So we construct C=CF,F,. Then of course
(Lemma 2.5) Ker F, is D invariant and therefore h%(t, T) factorizes as h¥(t, T)F,F,,
with possibly again another reduction matrix F,, which has the property that
Ker F, c Ker F,, because Ker(F;F,) < Ker h < Ker V=Ker(F,F,), where ¥ is the
Vandermonde matrix with jth row equal to 17D/~!, (Use also Lemma 2.18)
Hence in each iteration of the algorithm a factorization of functions like h*(t, T)
holds, where the matrix F, is always part of the factorization, and where the
kernels of the F,, F; etc. are shrinking, Therefore in the final step of the algorithm
we have a factorization of the form A=~HAF,F,. From the first part of the proof we
know that F,F, is a matrix that reduces (A4, C), but since F, gives the minimal
reduction F, has to be a permutation matrix. |

In the next two examples, we apply Algorithm 2.21.
Example 2.23 Let X take its values in {1,2,3,4,5} and let

—14 1 1 1 t

1 —14 2 3 1

A= 9 9 -7 7 1
1 1 2 —-12 1

3 3 2 1 —4

Assume that N has the intensity CY, where C=[111 1 2].
The matrix W, of Proposition 2.17 now becomes (use 174 =0):

It T 11 11
17D 1 11 )
17D? 1 11 1 4
17DA 3 32 1 —4
17D? 1 11 18
W, =| 17(D%4 + DAD) = 12 12 8 4 —20
17D A2 32 -3 -1t 10 25
17D* 1 11 116
17(D34 + D*AD + DAD?) 33033 2 11 —68
17(D2A%+ DADA + DA®D) —172 —172 —63 46 166
| 17D 43 402 402 51 300 165 ]

Now Kerh,=Ker W, is spanned by [t —1 0 0 0] and [0 1 —2 1 0]".
Observe that these two vectors are eigenvectors of both D and A. So Kerh, =
Ker h. The reduction matrix F in step 1 of Algorithm 2.21 is easily 'seen to be
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11000
00100
00010
00 001

since the first two columns of W, are identical. Clearly Ker F #Ker h. So step 3 of
the algorithm applies. Let C=[1 3 4 2], C=[11 3 4 2]. Of course one can now
construct a matrix W,. Then Ker W, = Ker F (Lemma 2.18(ii)), which is spanned
by [1 —1 0 0 0]". Since, as observed above [1 —1 00 0]T is A4 and D
invariant, we see that Ker 17[/1 =Ker F and also, as above, Ker i=Ker Wl

Hence the outcome of the algorithm is

11000
001 00O
00010
00001

The next (partially worked) example is, apart from an illustration of Algorithm
2.21, also interesting in the light of the remark that followed Proposition 2.16.

Example 2.24 Change the matrix A4 in the preceding example into

-4 1 1 2 1

1 -5 4 2 2

A= 1 3 -8 1 3
1 0 1 -8 4

1 1 2 3 -10

but let C be the same. If one again computes the matrix W, then it turns out that
its kernel 2, is again spanned by kI=[1 —1 0 0 0]T and kI=[01 -2 1 0]7.
Let K=[k,k,]. A calculation shows that

=5

AK=K[
1

1
DK =K.
_10] and

Hence Kerh is spanned by k, and k,, since already £, is a D and A4 invariant
subspace. The matrix F in step 1 of Algorithm 2.21 is the same as in the preceding
example. Take again C=[1 1 3 4 2]. The matrix W, contains one row equal to
1"DA=[6 7 —11 —19 8]. Since Kerh belongs to both Ker W, and Ker F as
explained in the discussion after the description of the algorithm, we see that
Kerh= {0}. The F resulting from the algorithm is therefore the identity matrix (or
another permutation matrix). The intriguing feature of this example is, that in spite
of the fact that most of the ¢; are equal, no reduction is possible.

We close this section with some considerations that indicate ways of future
research. Let first X,= f(X,) and let F be the reduction matrix associated with f.
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Assume f:{1,...,n}—>{1,...,m}. Trivially each entry F, of F has the following
interpretation: Fij=P(X,=i|X,=j). In both the two examples above we can
factorize h as hG, where

t 1400
G=10 0110
00001

Observe that each column of G can be considered as a probability vector. The
idea is now to extend the interpretation of the F;; as a conditional probability to
the entries of G. This idea allows us to consider so-called probabilistic reductions
of the system (X, N) by looking at suitably defined random functions of X,. This
new approach seems to be connected with the behaviour of the solutions of the
filtering problem that is defined by the finding of E[Y;[fﬁv]. Results in this
direction will be reported in another publication. We only mention that in the last

example the following identity holds: GA = AG, where

23 4 4
i=| 1 -1 i,
1 3 —-10

which is indeed the rate matrix of some Markov process, that lives on a state
space with three elements. This already indicates that some reduction, of another
type than described in this section, should be possible.
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